The aim of this note is to characterize the cyclic and the irreducible '-representations of the trace-class of a proper H*-algebra.
(i) aer(A). (ii) \a\er(A).
(iii) There exists a positive element b of A such that b2 = \a\. (iv) Yla(\a\e<x> ea) < °° for some projection base {ea} in A.
There is a positive linear functional tr (called trace) on x(A) such that trxy* -try*x = (x, y) and trâ = tr<z* for every x, y e A and a e r(A). One can define a Banach algebra norm r on t(A) by the formula x(a) = tr |<a| ( a e x(A) ). Denote by R(A) the set of right centralizers on A , i.e., let R(A) = {S£ B(A) : S(xy) = (Sx)y (Vx, y e A)}, where B(A) denotes the set of bounded linear operators on A. It is trivial that Lx , the operator of the left multiplication by x, is in R(A) for every x € A . R(A) is isomorphic and isometric to t(A)*.
As for the detailed discussion of proper H *-algebras and their trace-classes as well as the proofs of the above statements we refer to [1, 5, 6] .
A positive linear functional / ona Banach *-algebra B is called representable if there is a Hubert space H and a *-representation x h-> Tx of B on H with cyclic vector b e H such that f(x) = (Txb, b) (x e P). In [2, Theorem 37.11] it was stated that a positive linear functional f:B-*C is representable if and only if there exists a positive constant eel for which \f(x)\2<cf(x*x) (XSB).
Unfortunately, the proof presented there is incomplete since it uses the hermicity of the functional. For a correct proof see [4] . We begin with the following two basic lemmas. Lemma 1. Let S e R(A). Then the following assertions are equivalent:
(i) Ziad^ka' ea) < °o for some projection base {ea} in A.
(ii) There exists a unique a e z(A) such that S = La.
Proof. Suppose that (i) holds. From the inequality S*S < \\S\\\S\ we have Saliva II2 < °° • Since 5 is a right centralizer, one can easily verify that {Sea} is a mutually orthogonal vector system. Let a -J2a^ea • Then
where we have used the fact that x = J2ae<*x f°r everv x e A. Now L\a\ = \La\ -\S\ implies that a € x(A). The uniqueness of a is obvious. The other implication is easy to prove.
Lemma 2. Let a e x(A) be positive. Then T(a) = inf{c e E : c > 0, |trax|2 < c trax*x (x e t(^))}. Proof. Consider the semi-inner product B on t(A) defined by B(x, y) = (ax, y) (x,yex(A)).
The Cauchy-Schwarz inequality implies that \(axe, e)\2 = \(ax, e)\2 < (ae, e)(ax, x) (x e t(A)), where e is an arbitrary projection in A . Now it follows that | trax*\2 = | tr(ax*)*|2 = | tr<zx|2 < r(a) trx*ax = x(a) traxx* (x e i(A)).
If c e R, c > 0 such that | trajc|2 < c trax*x (x e r(A)), then for every projection e in A we have (ae, e) = trae < c, which implies that x(a) < c. Proof. Let / be representable. Then there is a positive constant eel such that |/Cx)|2 < cf(x*x) (x 6 x(A)). Since / 6 x(A)*, by [5, Theorem 2] , there is a positive operator S e R(A) for which f(x) = trSx (x e x(A)). If e e A is a projection, then we have | trS^I2 < c trSe, i.e., trSe < c. Since it holds for every projection in A, we can conclude that J2a(Sea> ea) ^ c f°r every projection base {ea} in A . By Lemma 1 there is a positive element a in x(A) such that S = La . The uniqueness of a follows from the density of x(A) in A.
To the implication (ii) => (iii), let b e A be the positive square root of a. The remainder part of the statement is easy to check. imply that there is a 0 < p £ R such that pa -a. Theorem 3. Let 0 ^ / € P and a be the unique element of x(A) corresponding f as above. Then f is an extremal point of P if and only if there exists a primitive projection e in A for which a = e/\\e\\2. Proof. Necessity. Suppose that / is an extremal point of P. It is easy to see that x(a) = 1. Let a = ^2n Xnen be the spectral representation of a where 0 < X" e M and {e"} is a sequence of mutually orthogonal primitive projections (see [6, Corollary 1] ). Let a = ex/\\ex||2 . Then a e x(A), a > 0, and r(a) = 1. Moreover, for X = 1/Ai||ei||2 we have Xa -ä > 0. Consequently, there exists an 0</i€R such that pa = et/||ei||2 . Taking traces we arrive at p = ptra = (l/\\ex\\2)trex = 1.
Suficiency. Let a = e/\\e\\2 where e is a primitive projection in A. Suppose that a e x(A), 0 # a > 0 such that x(a) < 1 and ka -a > 0 for some 0 < X s E. Let a = Yin ^"e" be tne spectral representation of a. Then, for every fixed «, we have Af/||e'||2 > Xnen . If we extend the singleton {e} to a projection base, then the first structure theorem of proper H*-algebras (cf. [1, Theorem 4.1]) implies that e"A c eA . Since eA is a minimal closed right ideal thus enA -eA. It is known that the projection of x e A on the closed right ideal eA, where e is an arbitrary projection in A, is Sx . Consequently, we have en = een = ene -e, which implies that there is a 0 < p e M for which pa = a . This completes the proof.
Using the notation of Theorem 2, by [3, Theorem (4.6.4)], it is easy to prove our final result, which follows. Theorem 4. Let e be a primitive projection in A. Then x ►-> Lx \ He is a nonzero irreducible *-representation of x(A). Moreover, every irreducible * -representation of x(A) is unitarily equivalent to a representation of this kind.
